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Abstract—The operation of electric power systems may be 

affected by the failure of system components due to adverse 

weather events. Consequently, the assessment of the “resilience” 

property, meant as the ability to limit the extent, severity, and 

duration of system degradation due to such disruptive events, 

becomes a fundamental task. In resilience analyses, uncertainty 

sources should be properly represented and quantified. This 

work proposes an approach based on the Point Estimation 

Method (PEM) to assess the probability distributions of the 

failure return periods of overhead line spans, starting from the 

uncertainties in the span vulnerability model. The approach is 

applied to three transmission lines exposed to wind loads. 

Results show that PEM is suitable for uncertainty propagation 

in the resilience assessment methodology. In particular, 

different behaviors of the spans are highlighted, in terms of 

uncertainty of their failure probabilities. 

Keywords—electric power system, vulnerability, resilience, 

uncertainty propagation, Point Estimation Method. 

I. INTRODUCTION 

Electric power systems are exposed to many threats, such 
as extreme weather events, that may damage some of their 
components compromising their proper functioning. In this 
context, “resilience” property, defined by CIGRE as “the 
ability to limit the extent, severity, and duration of system 
degradation following an extreme event” [1][2], has become 
of paramount importance. 

Resilience analysis of an electric power system considers 
the frequency and severity of a hazard, e.g. a weather event, 
and the vulnerability of the grid components and assets. The 
resilience assessment methodology in [3] and [4] has been 
developed to include these aspects and to support the 
transmission grid planning by calculating resilience indicators 
and quantifying the benefit that can be achieved with 
appropriate interventions on the grid, accounting for multiple 
contingencies and potential cascading outages. However, 
every step of the methodology is affected by uncertainties in 
the input variables and parameters of the mathematical 
models, which makes it important to analyze the propagation 
of these uncertainties on the outcomes. 

In the scientific literature, uncertainty in risk and resilience 
analyses is distinguished into two types: aleatory uncertainty 
(also referred to objective, stochastic and irreducible 

uncertainty) due to the inherent variability in the system 
behavior, and epistemic uncertainty (also referred to 
subjective and reducible uncertainty) due to lack of 
knowledge and information on the system [5][6]. Depending 
on the types of uncertainty and on the available information, 
different approaches, e.g. pure probabilistic, non-probabilistic 
and hybrid approaches, can be used to represent, propagate, 
and quantify uncertainty through a mathematical model. 

Pure probabilistic approaches represent both the aleatory 
and epistemic uncertainties by means of probability 
distributions [7][8]. Non-probabilistic approaches provide an 
alternative representation of the epistemic uncertainty by 
using possibility distributions, intervals and fuzzy logic to 
account for the lack of data and information that may prevent 
the construction of probability distributions with an acceptable 
statistical accuracy [9][10]. Hybrid approaches combine pure 
probabilistic and non-probabilistic approaches to properly 
represent both aleatory and epistemic variables [7][8][10]. 
Other methods to quantify uncertainty in the context of 
electric power systems have also been adopted in the scientific 
literature, such as Information Gap Decision Theory, Robust 
Optimization, and Distributionally Robust Optimization 
[11][12][13]. 

This work focuses on probabilistic approaches and 
specifically on the Point Estimation Method (PEM) [14][15], 
that provides the statistical moments of the output variables by 
carrying out a limited number of evaluations, e.g. only two 
samples for each input parameter. The PEM-based proposed 
approach is exploited in order to propagate the uncertainty of 
one input parameter of the span vulnerability model, i.e. the 
span initial mechanical tension, to one outcome, i.e. the span 
failure return period. The method is applied to three 
transmission lines, and the first four statistical moments of the 
failure return periods of each span are estimated. Then, the 
related probability distributions are obtained. 

The sequel of the paper is organized as follows. In Section 
II, the mathematical background related to the resilience 
assessment framework is shortly recalled; Section III 
describes the proposed uncertainty propagation methodology; 
the case study and the relevant results are discussed in Section 
IV; Section V provides some conclusions. Finally, Appendix 
briefly recalls the PEM and the Gram-Charlier expansion. 
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II. VULNERABILITY MODELING IN THE RESILIENCE 

ASSESSMENT FRAMEWORK: A RECALL 

The methodology for long term resilience assessment in 
[4] is able to compute the return periods for substation outages 
and the expected energy not supplied in the Italian electric 
power transmission grid after the occurrence of disruptive 
weather events. An intermediate result to achieve the 
indicators above consists of the failure return periods for grid 
components, especially overhead transmission lines, which 
are the most susceptible components to wind and snow threats.  

The three main steps for the computation of the 
transmission line span failure return periods are briefly 
recalled in the following, whereas the complete methodology 
is fully described in [3][4]. 

The first step is related to the probability of occurrence of 
a weather event, that is typically represented using a 
complementary cumulative distribution function (CCDF), 
whose associated probability density function (PDF) is 
denoted, in the rest of the paper, as 𝑓𝐶(𝑙,𝑡)(𝑡ℎ) with respect to 

a generic transmission line span l, a climatological period t, 
and a specific value, th, of the stress variable associated with 
the threat under study. 

The second step computes the vulnerability curves of each 
single subcomponent of the transmission line span l, such as 
conductors, towers, shield wires, and foundations. The 
vulnerability curves are built on the basis of specific technical 
and orographic parameters and represent the failure 
probability of the subcomponents given a severity level of the 
stress variables under analysis, e.g. the stress variable 
associated with the weather event threshold, as described by 
the authors in [16]. The vulnerability model of each 
subcomponent is given by a lognormal function centered on 
the expected value of the mechanical component resistance. 
Then, from the failure probability of each subcomponent, the 
vulnerability of the transmission line span l, 𝑃𝑉𝑙

(𝑡ℎ) , 

associated with the weather event threshold, th, is calculated 
by considering all subcomponents in series.  

Finally, the third step regards the computation of the 
failure probability, 𝑃𝐹(𝑙,𝑡), of the transmission line span l, with 

respect to the climatological period t, that is given by the 
integral of the product between the vulnerability model of the 
line span l, 𝑃𝑉𝑙

, and the PDF of the weather event, 𝑓𝐶(𝑙,𝑡), as 

illustrated in (1). The corresponding failure return period, 
𝑅𝑃𝐹(𝑙,𝑡), is computed as the inverse of the failure probability, 

𝑃𝐹(𝑙,𝑡), as reported in (2). 

𝑃𝐹(𝑙,𝑡) = ∫ 𝑃𝑉𝑙
(𝑡ℎ) 𝑓𝐶(𝑙,𝑡)(𝑡ℎ)𝑑𝑡ℎ  (1) 

𝑅𝑃𝐹(𝑙,𝑡) = 1/𝑃𝐹(𝑙,𝑡) (2) 

III. UNCERTAINTY PROPAGATION METHOD 

This Section describes the proposed approach based on 
PEM for the propagation of the uncertainties related to the 
asset vulnerability model. 

A. Vulnerability model and failure return period in 

presence of uncertainty 

Let us define as pl an uncertain aleatory input parameter of 
span l, such as the span initial mechanical tension, that enters 
the vulnerability model, 𝑃𝑉𝑙

, and as 𝑓𝑝𝑙
 its PDF. In presence of 

uncertainty, the vulnerability model of span l exposed to the 

occurrence of a weather event with threshold th is updated, as 
illustrated in (3): 

𝑃𝑉𝑙

𝑛𝑒𝑤(𝑡ℎ) = ∫ 𝑃𝑉𝑙
(𝑡ℎ, 𝑝𝑙) 𝑓𝑝𝑙

(𝑝𝑙)𝑑𝑝𝑙   (3) 

Then, the new vulnerability model, 𝑃𝑉𝑙

𝑛𝑒𝑤 , is adopted to 

compute the failure return period, 𝑅𝑃𝐹(𝑙,𝑡)
𝑛𝑒𝑤 , of line span l for 

the climatological period t, as in (4): 

𝑅𝑃𝐹(𝑙,𝑡)
𝑛𝑒𝑤 = 1/ ∫ 𝑃𝑉𝑙

𝑛𝑒𝑤(𝑡ℎ) 𝑓𝐶(𝑙,𝑡)(𝑡ℎ)𝑑𝑡ℎ  (4) 

B. Main steps of the uncertainty propagation method 

The proposed uncertainty propagation approach uses the 
PEM integrated within the resilience assessment methodology 
in order to propagate the uncertainty of one input parameter of 
the span vulnerability model, specifically, the span initial 
mechanical tension, to one outcome of the methodology, i.e. 
the span failure return period, with respect to a weather threat 
of interest. It is worth noting that the approach is general and 
can be applied to both wind and snow threats, which are the 
threats causing the largest contribution to energy not served in 
the Italian transmission system. This paper focuses on its 
application to the wind threat. 

A short description of PEM is provided in the Appendix, 
whereas the main steps for uncertainty propagation are given 
below: 

1. Define vector 𝛼̅={α1, α2,…, αr,…, αR} of R threshold 
values associated with the weather threat; for example, 
for the wind threat, vector 𝛼̅  contains wind speed 
values, e.g. 𝛼̅={100,120,…,200} [km/h]. 

2. Define vector 𝜇̅𝑝 = {𝜇𝑝1
, 𝜇𝑝2

, … , 𝜇𝑝𝑙
, … , 𝜇𝑝𝑚

}  of the 

expected values of the uncertain parameter pl for each 
span l, l=1,…,m, where m is the number of spans of a 
transmission line. 

3. Represent the parameter pl by means of a PDF, 𝑓𝑝𝑙
, 

given by a uniform distribution, assuming the domain 
of existence of the PDF between two extreme values 
given by 𝜇𝑝𝑙

± 𝑞𝜇𝑝𝑙
, where q represents a percentage 

of the expected value.  

4. Compute the PEM parameter location pl,k and the PEM 
weight wl,k for each span l, l=1,…,m, and k=1, 2 ,3, by 
using (A.1)-(A.3) (see Appendix). At the end of this 
steps, a matrix of dimension m×k is obtained both for 
the parameter locations and the weights.  

5. For each threshold αr, r=1,…,R, for each k, k=1,2,3, 
and for each span l, l=1,…,m, run m times (for s, 
s=1,…,m) the vulnerability model by using as input 
vector 𝜇̅𝑝 (defined in step 2 above), and by replacing 

each time for span s, s=1,…,m, the expected value, 𝜇𝑝𝑙
, 

with the parameter location pl,k, when l=s, and keeping 
the expected values 𝜇𝑝𝑙

 for the other spans when l≠s, 

as required by PEM (see Appendix). At the end of this 
step, 3m vulnerability curves are obtained for each 
span l. Since the last m vulnerability curves, those for 
k=3, are all the same, only 2m+1 vulnerability curves 
are considered in the following. Fig. 1 represents a 
sketch of the obtained vulnerability curves in the form 
of numerical matrices for a generic span.  

6. Combine the vulnerability curve, 𝑃𝑉𝑙,𝑠,𝑘

𝑛𝑒𝑤  , and the 

weather function, 𝑓𝐶(𝑙,𝑡) , to obtain the return period, 

𝑅𝑃𝐹(𝑙,𝑠,𝑘,𝑡)
𝑛𝑒𝑤 , l=1,…,m, s=1,…,m, k=1, 2, 3 for the 

climatological period t. More in detail, compute the 
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inverse of the integral of the product of the 
vulnerability curve and the weather curve, as in (4). 

7. For each span s=1,…,m, obtain the first four central 
moments, θs,j, j=1, 2, 3, 4 of the return periods 
𝑅𝑃𝐹(𝑙,𝑠,𝑘,𝑡)

𝑛𝑒𝑤  by using (A.4) and (A.5) and apply Gram-

Charlier (GC) series expansion (A.6) to estimate the 
corresponding PDF. GC series expansion provides 
good convergence properties for the typical ranges of 
parameters used in common engineering applications. 
Notice that the applied methodology has no limitation 
with respect to the shape of the generated PDFs.  

 

Fig. 1. Vulnerability matrices related to the wind threat obtained at the end 

of step 5 of the algorithm for uncertainty propagation, for a generic span and 

for the 2m+1 different PEM evaluations. The evaluations of PEM for k=3 are 

all the same. 

IV. CASE STUDY 

A. Description 

Three High Voltage (HV) transmission lines, whose 
parameters are within the range of real HV lines, are 
considered. Line 1, Line 2, and Line 3 are composed by 79, 51 
and 14 spans, respectively, with different lengths. For 
illustration purposes, Fig. 2 shows a simplified representation 
of Line 3, indicating the 14 spans, the type of connections 
between the spans, tension clamps or suspension clamps, and 
the corresponding sections. A line section refers to a group of 
consecutive spans connected by suspension clamps and 
included within two consecutive tension clamps, and a line is 
the group of all the associated spans. Both tension clamps and 
suspension clamps are designed to support conductors in 
correspondence with towers, but tension clamps keep the 
insulator chains more stable avoiding their movements, while 
suspension clamps allow limited movements to insulator 
chains. 

 

Fig. 2. Illustration of the 14 line spans of Line 3, the types of connections    
(T = tension clamps and S = suspension clamps), and the line sections. 

As mentioned in Section III.B, the initial mechanical 
tension, expressed in N, of the conductor of a transmission line 
span is taken as the uncertain input parameter and it is 
represented in probabilistic terms by using a uniform PDF. 
This parameter depends on the line design and installation and 
can impact the span sag, the probability of flashover, the 
tensions applied to subcomponents (towers, cross-arms, 
conductors, shield wires) at a specific level of threat (e.g. 
specific wind loads): the higher the initial mechanical tension, 

the higher the tension in presence of loads (such as wind 
loads). Then, also the span failure probability that depends on 
all the mentioned elements is affected by the initial tension. A 
sensitivity analysis is carried out with respect to the domain of 
the uniform PDF, by selecting three different values of the 
parameter q, i.e. q=0.05, 0.10, 0.20 (step 3 of Section III.B). 

B. Effects of the uncertainty level on vulnerability models 

PEM is applied within the resilience assessment 
methodology to propagate the uncertainty of the span initial 
mechanical tension, entering the vulnerability model, to the 
span failure return period.  

In Fig. 3 the vulnerability functions of span l=6 of Line 3, 
obtained for different PEM evaluation, k=1, 2, 3, of the initial 
mechanical tension, are reported for different values of the 
parameter q, q=0.05, 0.10, 0.20. 

A slight difference of the vulnerability can be noticed 
around 150 km/h of wind speed; as expected, the higher the q 
values, the higher the upper and lower bounds of the function, 
given by k=1 and k=2, respectively. Also, span l=6 has 
vulnerability equal to zero below 140 km/h, which means that 
its probability of failure is not negligible only for higher values 
of wind speed. These results are obtained at the end of step 5 
of the procedure illustrated in Section III.B. 

 

Fig. 3. Vulnerability functions of span l=6 of Line 3, obtained for different 
PEM evaluation, k=1, 2, 3, of the initial tension and for different values of 

the parameter q, q=0.05, 0.10, 0.20, in (a), (b), and (c), respectively. 

C. Quantification of the uncertainty on failure return 

periods for line spans 

The vulnerability CDFs of the previous Section IV.B. are 
combined with the PDF of the weather events based on wind 
speed to compute the failure return period of each span, 
𝑅𝑃𝐹(𝑙,𝑠,𝑘,𝑡)

𝑛𝑒𝑤 , l=1,…,m, s=1,…,m, k=1, 2, 3 for the climatological 

period t, as described in step 6 of the methodology of Section 
III.B. It is worth mentioning that the probability of having an 
event with wind speed higher than 140 km/h is very low, e.g. 
it is equal to 0.015 for span l=6. Thus, in order to analyze a 
more critical case, in this work, the climate PDF is shifted on 
the right by 50 km/h. After the shift, for example, the 
probability of having an event of wind speed higher than 140 
km/h for span l=6 is increased up to 0.148. Table I provides 
the mean (raw moment of order 1, ϑl,1), the variance (central 
moment of order 2, θl,2) and the skewness and the kurtosis (i.e. 

the standardized central moments 𝜃̂𝑙,3 and 𝜃̂𝑙,4, respectively) 
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of the failure return period of four spans, l=2, 6, 8 and 10 for 
different values of the parameter q, q=0.05, 0.10, 0.20. Fig. 4 
shows the corresponding PDFs for span l=6 obtained by 
applying Gram-Charlier expansion. Since these PDFs are 
obtained by a series expansion, it may occur that few PDF 
values go slightly below zero. From Fig. 4, it can be noticed 
that, as expected, the higher the q value, the larger is the 
standard deviation of the PDFs, corresponding to a higher 
value of the second central moments (θl,2, in Table I). Span l=2 
has the largest standard deviation of return periods, 
approximately 0.45 years for q=0.20; instead, spans l=6, 8, 10 
present approximately a standard deviation of failure return 
periods of less than 0.17 years for q=0.20. Also, the peaks of 
the PDFs move to slightly higher return periods by increasing 
the parameter q. The PDFs are not symmetric, e.g. for q=0.20, 

the skewness (𝜃̂𝑙,3) is equal to 0.69 for span l=2, and 0.26 for 

l=6. Finally, the kurtosis, 𝜃̂𝑙,4, in Table I, shows similar values 

lower than 3, the reference value for normal distribution.  

In Table I the coefficient of variation (COV) of the failure 
return period, given by the percentage ratio between the 
standard deviation (square root of the central moment of 
order 2) and the mean (raw moment of order 1, ϑl,1), is also 
reported. As expected, the higher 𝑞, the higher the COV. The 
highest value of COV is equal to 0.85% and occurs for span 
l=2, previously identified as the one with largest uncertainty. 

 
Fig. 4. PDFs of the failure return periods of spans l=6 of Line 3 for different 
values of the parameter q. 

Results related to Line 1 and Line 2 are not reported here for 
brevity. Similar considerations can be carried out for most of 
their spans, i.e. the uncertainty in the return periods due to 
initial mechanical tension uncertainties is quite limited. 
However, there are also few exceptions, i.e. spans that have a 
return period characterized by larger uncertainty. For 
illustration purposes, Fig. 5 shows the PDF of span 41 of Line 
2 obtained by applying Gram-Charlier expansion for different 
values of the parameter q, q=0.05, 0.10, 0.20. The return 
period of this span is characterized by larger uncertainty, e.g. 
the associated COV is equal to 3.88 %, 6.92% and 10.19% 
for q=0.05, 0.10 and 0.20, respectively. 

 

Fig. 5. PDFs of the failure return periods of spans l=41 of Line 2 for different 

values of the parameter q. 

V. CONCLUSIONS 

An innovative uncertainty propagation approach based on 
PEM has been proposed and applied to a methodology for 
resilience analysis of electric power systems in order to 
propagate the uncertainty associated with the span initial 
mechanical tension inside the vulnerability model to the span 
failure return period, which is an intermediate outcome of the 
methodology. Uncertainty has been modeled in probabilistic 
terms by using a uniform distribution function for the 
uncertain parameter and a sensitivity analysis on its domain 
has also been carried out. 

The methodology has been applied to three HV 
transmission line spans exposed to strong wind threat; the 
proposed approach is general and can be applied to, e.g, both 
wind and wet snow threats. The validation of results would be 
of interest, but currently there are no historical data showing 
the dependence of the energy not supplied on the uncertainty 
of the initial mechanical tension. However, the results show 
that PEM is effective in propagating the uncertainty of the 
initial mechanical failure, by providing a PDF of the failure 
return period for each span and for each level of uncertainty. 
Results also reveal a variety of behaviors of the line spans in 
terms of uncertainty of their failure return periods, even 
though for all spans of Line 3 and for most of the spans of Line 
1 and Line 2 the uncertainty in the failure return periods is 
quite limited. Moreover, the PDFs of the failure return periods 
are generally characterized by a not null (prevalently positive) 
skewness. Further work will consist in applying approaches 
similar to the one here proposed, in order to analyze other 
factors (e.g. different threats) that affect the resilience 
analysis. 
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TABLE I. MEAN (ϑl,1), VARIANCE (θl,2) AND SKEWNESS (𝜃̂𝑙,3) AND KURTOSIS (𝜃̂𝑙,4) OF THE RETURN PERIODS OF SPANS l=2, 6, 8 AND 10 OF LINE 3 FOR 

DIFFERENT VALUES OF THE PARAMETER, q=0.05, 0.10, 0.20, AND CORRESPONDING COEFFICIENT OF VARIATION (COV) [%]. 

𝑞 Span 𝑙 Mean (ϑl,1) Variance (θl,2) Skewness (𝜃̂𝑙,3) Kurtosis (𝜃̂𝑙,4) COV [%] 

0.05 2 7.680334 0.004272 0.336888 1.819098 0.85 

6 8.139473 0.002963 0.095988 1.801515 0.67 

8 9.312164 0.002502 0.972178 1.975383 0.54 

10 9.080891 0.001339 -0.992202 1.984575 0.40 

0.10 2 7.699756 0.021073 0.459345 1.835765 1.89 

6 8.145458 0.012008 0.177975 1.805290 1.35 

8 9.315207 0.003018 0.975523 1.976864 0.59 

10 9.105711 0.004128 0.085523 1.801222 0.71 

0.20 2 7.813837 0.200198 0.698520 1.884880 5.73 

6 8.155454 0.027504 0.260082 1.811332 2.03 

8 9.318892 0.018132 0.562952 1.845589 1.44 

10 9.110274 0.016700 0.221415 1.806698 1.42 
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APPENDIX 

A. Point Estimation Method  

The Point Estimation Method (PEM) [14][15] is a 
technique aimed at computing the moments of a random 
variable Z that is a function of m random input variables pl, 
Z=F(p1, p2, …, pl, …, pm), which are uncertain and represented 
in probabilistic terms by a PDF, 𝑓𝑝𝑙

, with mean 𝜇𝑝𝑙
 and 

standard deviation 𝜎𝑝𝑙
. PEM estimates the output Z 

considering few points, e.g. 3 referred to the index location k, 
k=1, 2, 3, for each variable, pl, l=1,…,m, where each point is 
defined by a pair composed by a location, pl,k, and a weight 
wl,k, l=1,..,m, k=1, 2, 3. The location represents the value at 
which the function F is evaluated and the weight defines the 
relative importance of this evaluation with respect to the 
output Z, see (A.1)-(A.3) below. 

Different PEM schemes are available. The present work 
adopts the 2m+1 scheme, which provides a suitable tradeoff 

between accuracy and computational burden. This means that 
for m stochastic variables, pl, l = 1,…,m, the method requires 
the evaluation of Z over 2m+1 different points, leading to 
outputs Zl,k, l = 1,..,m, k = 1, 2, 3. The 2m+1 different points 
are selected as follows:  

• For locations k=1 or k=2, m vectors are built, one vector 
for each stochastic variables, pl, where at each evaluation 
l, l=1,…,m, the input vector to the function F is given by 
the location pl,k and by the mean values of the m-1 
remaining inputs. For example, the first evaluation (l=1) is 
𝑍1,𝑘 = 𝐹(𝑝1,𝑘, 𝜇𝑝2

, … , 𝜇𝑝𝑚
). 

• For location k=3, the mean values for all stochastic inputs 
are used, e.g.  𝑍1,3 = 𝐹(𝜇𝑝1

, 𝜇𝑝2
, … , 𝜇𝑝𝑙

, … , 𝜇𝑝𝑚
), 𝑍2,3 =

𝐹(𝜇𝑝1
, 𝜇𝑝2

, … , 𝜇𝑝𝑙
, … , 𝜇𝑝𝑚

), etc. Notice that also for k=3, 

m vectors can be built, but one evaluation is sufficient 
because by replacing the mean value each time, m identical 
PEM evaluations are obtained; for this reason, the adopted 
PEM scheme is called “2m+1”. 

The k-th location pl,k of variable pl, l = 1,…,m, is evaluated 
according to (A.1): 

𝑝𝑙,𝑘 = 𝜇𝑝𝑙
+ 𝜉𝑙,𝑘𝜎𝑝𝑙

  (A.1) 

where 𝜉𝑙,𝑘  is the standard location given by (A.2) for k=1, 

2, 3: 

𝜉𝑙,𝑘 =
𝜆𝑙,3

2
+ (−1)3−𝑘√𝜆𝑙,4 −

3𝜆𝑙,3
2

4
, 𝑘 = 1, 2 

𝜉𝑙,3 = 0  

(A.2) 

where 𝜆𝑙,3  and 𝜆𝑙,4  are the third and fourth standard 

central moments of the variable pl. 
The k-th weight wl,k of variable pl, l = 1,..,m, is evaluated 

according to (A.3) for k = 1, 2, 3.  

𝑤𝑙,𝑘 =
(−1)3−𝑘

𝜉𝑙,𝑘∙(𝜉𝑙,1−𝜉𝑙,2)
, 𝑘 = 1, 2  

𝑤𝑙,3 =
1

𝑚
−

1

𝜆𝑙,4−𝜆𝑙,3
2   

(A.3) 

After estimating all outputs Zl,k, l=1,..,m, k=1, 2, 3, the first 

raw moments, 𝜗𝑗, e.g. j=1, …, 4 , of output Z are obtained by 

(A.4), where 𝐸 stands for the “expectation value” operator. 

𝜗𝑗 = 𝐸[𝑍𝑗] ≅ ∑ ∑ 𝑤𝑙,𝑘(𝑍(𝑙, 𝑘))𝑗3
𝑘=1

𝑚
𝑙=1   (A.4) 

Then, central moments are calculated from raw moments 

using the general formula reported in (A.5). 

𝜃𝑗 = ∑ (
𝑗
𝑖
)

𝑗
𝑖=0 (−1)𝑗−𝑖𝜗𝑖𝜗1

𝑗−𝑖
  (A.5) 

Finally, series expansions, such as Gram-Charlier, can be 
used to reconstruct the shape of the PDF of output Z starting 
from the knowledge of central moments. 

B. Gram Charlier expansion 

Gram-Charlier series of type A is here adopted [17]. The PDF 

of a generic random variable X is approximated with a PDF 

of the form g(x)=dn(x) 𝜙(x), where 𝜙(𝑥) is a normal PDF 

with zero mean and unit variance. The power series 𝑑𝑛(𝑥) is 

chosen so that g(x) has the same first moments as the PDF of 

𝑋, and it is approximated by using Hermite polynomials. In 

particular, using Hermite polynomials of order 3 and 4, the 

approximated PDF g(x) is obtained as shown in (A.6). More 

details can be found in [17].  

𝑔(𝑥) = 𝜙(𝑥) ∙ {1 +
𝛾1

3!
𝐻𝑒3(𝑥) +

𝛾2

4!
𝐻𝑒4(𝑥)}  (A.6) 

where 𝛾1 and 𝛾2 are respectively the skewness and the excess 

of kurtosis, i.e. kurtosis-3. 

Authorized licensed use limited to: b-on: Universidade de Coimbra. Downloaded on April 27,2025 at 07:01:06 UTC from IEEE Xplore.  Restrictions apply. 


